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Abstract 



Four-dimensional affinely connected Ricci-flat space dependent from solutions of the Kadomtsev- 
Petviashvili equation are constructed. Conditions of metrizabilty of corresponding connection are in- 
C/^ ' vestigated. Their properties are discussed. 
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; 1 The Ricci-flat 8-dim metrics 

An examples of the eight-dimensional Ricci-flat metrics of Ricmann extensions of afhnely-connected 
^ four-dimensional spaces dependent from solutions of the KP-equation were obtained recently by 
\^ ' author ([8]). 

, Here we give the example of four-dimensional Ricci-flat affinely connected space defined by 

' solutions of the KP-equation which has Ricci-flat the Riemann extension also dependent from solutions 
of the KP-equation. 



Proposition 1 Eight- dimensional Riemann space in local coordinates {x,y, z,t, P, Q,U,V) equipped 
OO . with the metric 

ds^ = ( -2PHll(y,z,t) - 2P^E(y,z,t) ^2H12(y,z,t)Q -2r?Jy,z,t)U + 2 H22(y,z,t)v] dx^+ 
• ^ \ ' ot J 

X ■ 

; +2 (2 Hll {y, z, t)Q - 2 H21 (y, z, t)V) dxdy + 2 (^-2 [j-/{y, z, t)^V + 2 [jF{y, z, t)^ dx dz+ 

+2 dx dP + (2 Hll {y, z, t)U - 2 H31 {y, z, t)V) dy^ + 2 dy dQ + 2 dz dU + 2 dt dV (1) 
is a Ricci-flat 



Rij — 



if the conditions on the coefficients Hij{y, z, t) 



^H12{y,z,t)-^^H22 iy,z,t) = 
-g^Hll {y, z, t) + -H21 (y, z,t)^0 

- — Hn{y,z,t) + -H31iy,z,t) = (2) 
oz ot 



valid. 
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An arbitrary functions Ffj {y, z, t) and F{y,z,t) in so doing satisfy the relation 

— Ff,{y,z,t) = 2 (—F{y,z,t)] +2Hll{y,z,t) — F{y,z,t) + 2{Hll{y,z,t))' 



or 



rf,{y,z,t)= J2 (J-F{y,z,t)^ + 2 Hll {y, z, t)-^^F{y, z,t) + 2 {Hll {y, z,t)f dz + .Fl {y,t). (3) 

The metric (1) is an example of the Riemann extension of affinely-connected four-dimensional space 
with symmetrical connection r*^(a;') = rj.^ (a;') depending from the local coordinates a;'. 
In general case it is defined by the expression 

ds'^ = -2T)k£,idx^ dx'' + 2d£,kdx^, (4) 

where ^fc -are an additional coordinates ([1]). 
After the substitutions of the form 

Hll {y, z, t) = -1/2 u (y, z, t) , H12 {y, z, t) = -l/3v {y, z, t) , 
H21 {y, z, t) = -2/3 v {y, z, t) - 1/2 {y, z, t) , 
H31 {y, z, t) = -3/4 w {y, z, t) + 3/8 {u (y, z,t)f - -v (y, z, t) - 1/2 -^u {y, z, t) , 

H22 {y, z, t) = -1/2 w {y, z, t) + 1/2 (« (y, z, t)f - ^^v {y, z, t) - 

52 d 
-1/2— u{y,z,t) + 1/2— u{y,z,t) (5) 

from the conditions (2) the famous KP-equation is followed 



dtdz"" ^' [dt'' ^' ) "^/^ " ^' 9*2 « iV' ^' 1/4 g^u {y, z, t)-3/4 —u (y, z,t) = 

or 

d /du(v z t) d \ 92 

dt [ dz " " at" ^' " d^"" ^' " W ^' 

Remark 1 ^4 notion of the Riemann extensions of affinely-connected spaces ([!]) was used by author 
for the studying of geometrical problems in theory nonlinear dynamical systems and in General Relativity 

msj). 

Remeirk 2 About presentation of the KP-equation in form of the system (2) see ([9]). 



2 Four-dimensional subspace 

Eight-dimensional metrics (4) is closely related with a properties of four-dimensional spaces in local 
coordinates x'^. 

Let us consider an example. 

The full system of geodesic of the metric (4) decomposes into two parts. 

The first part has the form of the linear system of equations for the coordinates (^fc = P,Q,U,V) 
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and the second part for local coordinates = {x, y, z, t) is defined by the system of equations 

+ rf,- — - = o. 



ds^ '-^ ds ds 

In our case it takes the form 

d , y . f d , y d 



^y{s)+m2iy,z,t) -2Hll{y,z,t) (^^(s)) ^y(^) = 0, 



^.(a) + r3,(,,.,i)(A,(,)) _2 ^^^xis))^^zis)-Hlliy,z,t)(^lyis)) =0, 

=0. 

Prom these relations we find the coefiicients of affine connection of the 4-dimensional subspace 
in local coordinates (a;* = x, y, z, t) 

rl, =Hii + —, rf, = H12, rf, = -mi , 

pS _ nS pS _ rS — U11 

^ 11 — in ^13— ~Q^^ Z2 — nil^ 

BF 

rf,=-H22, rj, = H2i, ris = ^, ri, = H3i. (6) 



Corresponding the Ricci tensor 

^ Tifc a T^k I -nfe T^l "nfe T 

kj 



nij — Oki. ij - Oil + i - i ^^i ^ 



is symmetrical 



and it is equal to zero Rik = if the conditions (2), (3) are hold. 

As the example of geodesic equation connected with an additional coordinates we refer to the 
expression on the coordinate V 



-2 ( di^^^^ W^^^y' ^,t) u+l -yis) I -mi t) ] v+ 
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Corresponding equations for the coordinates U, P, Q have more cumbersome form and may be omit- 
ted here. 

Remark 3 As distinct from the example of eight- dimensional the Ricci-flat Riemann space related 
with the KP-equation considered in the article ([8]) the metric (1) has a Ricci-flat affinely connected 
four- dimensional subspace. 

In this connection it should be noted that problem of metrizability of the connection PJ). defined by 
the expressions (6) has of great importance. 

It is known that in order to obtain the metric tensor gij correspondent the connection Pjf, we have 
to solve the system of equations 

^t93k = ^^gJk - P^jgik - r!k93i = 0. 

A necessary and sufficient condition of integrability of this system implies in the studying of the 
properties of the set of equations 

Rijl9km + RijmQkl = 0, 
"^sR^km + "^sRijmOkl = 0, 



where i?^; are the components of Riemann tensor of the connection (6) . 

In the case being considered the number of components of the Riemann tensor is thirty-six and affine 
connection (6) obeys the condition = 0. 

On this basis and taking in consideration the relation r\,^ = ^ there is followed that in the case 
of metrizability of the connection (6) determinant of corresponding metric tensor must to be constant. 
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